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Abstract. Existence, uniqueness and smoothness (or conditional-smoothness) of а solution of the       Navier-Stokes equation is one of the most important problems in mathematics. The Problem is well-known as "Navier-Stokes Millennium Problem". In this paper we offer the analytical methods of solutions of the Navier-Stokes equations for viscous incompressible fluid with Cauchy condition. Therefore in this work are offered methods of analytical solutions of equations Navier-Stokes for fluid with viscosity, which meet the requirements of the specified problem of a millenium [1].   
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Preface
The research is devoted to the development of a method for solving 3D and nD Navier-Stokes equations that describe the flow of a viscous incompressible fluid. The study includes a requirements "Navier-Stokes Millennium Problem", as developed method of solution contains a proof of the existence and smoothness (conditional smoothness) of solutions of the Navier-Stokes equations, where laminar flow is separated from the turbulent flow when the critical Reynolds number: Re = 2300. The decision is obtained for the velocity and pressure in an analytical form, as required by the "Navier-Stokes problem Millennium". The method of solution is supported by examples for different viscosity ranges corresponding applications.  
In sections 4.3, 4.4, 7.3 and paragraphs 5, 6 new law of the pressure distribution has been found. This law is derived from the equation of Poisson type and differs from the known laws of Bernoulli, Darcy at all. Most importantly, the author has opened a special space for the study of the existence and smoothness (including conditional smoothness) equations Navier-Stokes for viscous incompressible fluid. For brevity, these spaces can be called Omurov's spaces with different metrics:

a) in the case of smoothness a space with the norms of Chebyshev type has been obtained, 

b) the weighted space arises in the case of conditional-smoothness, for example the weighted space of Sobolev type: 
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1. Introduction

The difficulty of study of the 3D and nD Navier-Stokes equations is caused by nonlinear nature of the equation and by the necessity to find the speed and pressure for any values of parameter viscosity [1].

If to designate components of vectors of speed and external force, as 
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that corresponding problem Navier-Stokes is represented in a kind
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 is kinematic viscosity, ( is density, ( is Laplace operator. Here, the condition incompressibility (1.2) fluid it's a the additional equation. Unknown are speed ( and pressure P.

   To answer this question, in this article the following way proposed to solve for the Navier-Stokes equations. For this purpose (1.1) we will transform to a kind [7, 10]:
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where
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without breaking equivalence of system (1.1) and (1.4), (1.5). The received systems (1.4), (1.5) contain unknown functions 
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The developed method of the decision of systems (1.4) and (1.5) connected with functions 
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is any functions if, accordingly, as necessary conditions, take place:
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    To study of many problems of theoretical and mathematical physics lead us to find solutions in various    special weight spaces. In the papers [7, 9] have been offered the methods which give solution of 3D problem Navier-Stokes in 
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Note, by lemma K. Friedrichs [15], the suitable solutions of Navier-Stokes problem in space 
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were constructed in [8]. Here the norm of this space is defined by the following
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   The work purpose. The main aim of this work is to prove the existence, uniqueness and smoothness solution of the 3D Navier-Stokes problem in the space 
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 for a viscous incompressible fluid, where the norm of this space is defined by the following
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But in the case of a conditional smoothness the solution we will consider in the space 
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Since 
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, then the solution of 3D Navier-Stokes problem can be found also in the weight space of Sobolev’s type 
[image: image34.wmf]2

n3;0

W(D).

l

=

 
   It is known that from uniform convergence of sequence continuous functions on [a, b] is followed by its convergence on the average on [a, b]. Therefore, so as norm: 
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, that is natural describe an analytical solution in 
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. Hence, gives also feasibility to 
construct the decision in 
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The scientific value. The offered analytical methods of solution 3D Navier-Stokes problem transforms this problem to inhomogeneous linear equations of heat conductivity type under Cauchy condition with 
enough smooth initial conditions, without attraction of any additional conditions. The analytical solutions of transformed equations are regular with respect to viscosity factor 
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 and simplify analysis of the initial problem in mathematical and physical sense [6, 11 and 12].

The important addition to study of Navier-Stokes problem is the research of fluid with very small viscosity (Reynolds number is great: Re ≥ 2300). In this case the obtained results of paper give the analytical solution of Navier-Stokes problem and  allow us to get full understanding of turbulence [4,12].
In the paper, fluid with average viscosity are also studied, in which all inertia members are preserved. Note, that in the above fluids, if convective acceleration is not equal to zero then there are problems to integrate  the equations of Navier-Stokes in general [12].
Further we will show that at certain mathematical transformations nonlinear problem Navier-Stokes will be transformed to linear a problem of conductivity of high temperature [13], when 
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The obtained results allow us to solve nD Navier-Stokes problem for incompressible fluid with any  viscosity factor and our problem does not include a derivation of an equation in a physical meaning, since there is a big amount of works reflecting these questions [3-6, 11 and 12].
  2. Fluid with Very Small Viscosity by Condition (A1)

   In this paragraph and in the subsequent points with the specified restrictions at the entrance data, the strict substantiation of compatibility of systems (1.4), (1.5) will be given with very small viscosity 
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 (for large Reynolds numbers). Note that the solution of Navier-Stokes equation has the property that the flow can be divided in two parties. In the inner part there is a thin layer in which friction forces are appeared. In the outer part the flow does not depend on friction forces, that is, it is free from rotation of the particles, and hence, it is described by Euler equation [12]. In the paper [9], the behaviour of the solution on the 3D Navier-Stokes equation in 
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 where the viscosity aspires to a zero has been studied. 

Here we Let study the behaviour of the solution on the 3D Navier-Stokes equation in where the viscosity aspires to a zero. 

   2.1. Fluid with the Condition (A1)

Let functions 
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where from system (1.4) and (1.5), accordingly we will receive following systems
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Theorem 1. Let conditions (1.2), (1.3), (A1) and (2.1) are satisfied. Then systems (2.2) and (2.3) equivalent will be transformed to a kind
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Thereby the problem (1.1) - (1.3) has the only solution which satisfies to a condition (1.2). 

Proof.  Proof of the theorem 1 consists of four stages.
1) For this we take the partial derivations of the system (2.2) at 
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 (2.2, i=2), 3-equation on 
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 (2.2, i=3) and summarizing the obtained equations, and by based on the formula: 
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                (2.5)                         
from here we will receive the equation of Poisson [13]: 
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so as
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The algorithm for getting the Poisson equation (2.6) we call "algorithm poissonization system", 
shortly APS [8]. Therefore, if J – the decision of the equation (2.6), then substituting 
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in (2.2), we have
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i.e. system (2.2) it is equivalent by (2.9). This means that the system (2.2) is converted in inhomogeneous linear equations of heat conduction. Here the equations (2.6), (2.9) is there are first and second equations of system (2.4).  
   2) From the received results follows that the system (1.1) is transformed in the linear equations of heat conductivity with a condition of Cauchy. Consequently, Cauchy problem with sufficiently smooth initial data 
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 in the class of bounded functions is solvable [13, 14]. Accordingly, the problem of the Navier-Stokes equations has a unique, conditional smooth solution in the space 
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Really from system (2.9), follows  

[image: image61.wmf]expexp

exp

exp

33

3

3

t

22

ii0123123

3

33

0

RR

222

i123123123i011223

3

R

t

22

312312

3

0

R

1r1r1

()(s,s,s)dsdsds()

4t4(ts)

8(t)

8((ts))

1

(s,s,s,s)dsdsdsds(())(x2t,x2t,x

1

2t)ddd((

uu

mm

pm

pm

Ftttutmtm

p

tmttttt

p

=-+-´

-

-

´=-+++++

++-+

òòò

ò

òò

;

2

3i1122

33123i123

iiiiii

))(x2(ts),x2(ts),

x2(ts)s)ddddsH(x,x,x,t),

sx2t;sx2(ts),(i1,3),

tFtmtm

tmttt

tmtm

++-+-

+-º

-=-=-=

 (2.10)

where 
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 is known functions. The found decision (2.10) satisfies system (2.9). Really, considering partial derivative systems (2.10):   
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and substituting (2.11) in (2.10), we have
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 (*)
on the right side integrals of the formula (*) the integration method in parts is used. That it was required to prove.  

Further we will show that (2.10) satisfies (1.2). For this purpose considering partial derivatives of 1st order and summarizing, with taking into account (1.2), we have
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The system (2.10) satisfies to the equation (1.2).

The limiting case in
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Really, estimating (2.10) in 
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The uniqueness of the solution 
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 the system (2.10) is obvious on the basis of proof by contradiction [13]. Results (2.10) with a condition ((A1), (2.1)) are received where smoothness of  functions is required only on xi  as the derivative of 1st order is in time has t>0.  
 Remark 1. Alternatively, we can consider, e.g., a class of suitable solutions constructed in 
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  (2.13)
that solution (2.10) of problem Navier-Stokes (1.1) - (1.3) belongs in 
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Let's notice that in work [8] similar results in case of (2.10) also are received in the weight space 
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3) The essence of this subparagraph to define the solution (2.9) in 
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 For this purpose of problem (2.9), (1.3) it is possible to solve differently if conditions are satisfied:   
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        (2.12)*
Then speed components 
[image: image82.wmf]n

 are defined by a rule
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Then the system (2.9) will be transformed referring to
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            (2.16)

The found solution (2.16) satisfies system (2.15). Really, having calculated partial derivative of  system (2.16):     
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  (2.17)  

and substituting (2.17) in (2.15), we have (see (*)):
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That it was required to prove. 


Therefore on the basis of (2.14), (2.16) we will receive
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Limitation of functions 
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 The limiting case which we will consider concern results of the theorem 1. Then the solution of system (1.1) is representing in the form of (2.19) with conditions (1.2), (1.3), (A1), (2.1) and (2.12)*. 

Really, estimating (2.19) in 
[image: image94.wmf]3,1

n3

C(T)

=

%

,  we have 
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so as
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Uniqueness is obvious, as a method by contradiction. Therefore from (2.19) uniqueness of the solution follows in 
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4) Coming back to the proof the theorem 1, thus considering (2.3), (2.19), and their partial   derivatives on 
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As 
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at that
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The equation (2.22) it have the third equation of system (2.4). Therefore, from the received results, taking into account (2.6), follows

[image: image106.wmf]3

123

0123

R

111dsdsds

PQF(s,s,s,t),

24r

q

rp

+=-+

ò

                                       (2.23)

i.e. (2.23) – is the fourth equation of system (2.4).  

   The formula (2.23) can be transformed in equivalent form
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                     (2.23)*

where (2.23)* – the equation of Bernoulli’s type [12]. Then function (2.23)*:  
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  satisfies the equation:  
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 is called Newton’s potential [13], at that on infinity aspires to a zero. 
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 is called density of this potential.   
Hence functions 
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are defined from systems (2.19), (2.22), (2.23) and these functions are smooth 
on set to the variables, that the system (2.4) has the unique smooth solution. The theorem 1 – is proved. ■ 

As a consequence the theorem 1 we will receive following statements: 

Theorem 2. In conditions of the theorem 1 and (2.10), (2.12) the Navier-Stokes problem (1.1)-(1.3), (A1) has a unique and conditional-smooth solution in 
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Proposition 1. In the conditions of (1.2), (1.3), (А1) and (2.12), (2.13) the Navier-Stokes problem has a unique solution in the space 
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Theorem 2*. In conditions of the theorem 1 and (2.12)*, (2.20) the problem (1.1) - (1.3), (A1) is solvable at 
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The essential factor of researches of this paragraph are results of the theorem 2*. In this case the solution of system (1.1) is considered as the strict decision of a problem (1.1)-(1.3), (А1).  
It is obvious that small changes 
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 influence the solution (2.19) a little, i.e. continuous depends on this data. Therefore, a question on a statement correctness problems (1.1)-(1.3), (A1) are considered at once with results of the theorem 2*.

 2.2. Inequality Beale-Kato-Majda  

The Beale-Kato-Majda regularity criterion originally derived for solutions to the 3D Euler equations [2] and holds for solutions to the 3D equations Navier-Stokes [5] and the criterion can be viewed as a continuation principle for strong solutions. A further generalization was presented in [8] where the regularity condition is expressed in terms of the time integrability.  
   Note that there are some inequalities for a priori estimates depending on the spaces. To prove this criterion, for example, enough fulfill the inequality [5]:
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   On the basis of results of the theorem 1 the solution of systems (1.1) it is presented in a kind (2.19), where global existence of solutions is received in a class 
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 from the point of view of the initial data satisfying (2.19). It is pleasant that results of this theorem leads to such global classical solution Navier-Stokes, besides it is known that in [5] classical solution is received, if the criterion of Beale-Kato-Majda is executed. 

   Really, at performance of conditions of the theorem 2* takes place 
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Then we will receive estimation 
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   2.3. Estimation of affinity of solutions of the equations Navier-Stokes and Euler 

I. Incompressible Streams Without the Friction. For incompressible currents without a friction [2, 6 and 12]: 
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The system (2.25) with conditions (2.26), (2.27) has the strict solution [12] with preservation of all convective members at performance of a condition of Stokes. Really, for incompressible currents without a friction, the vector of speed is represented as a gradient of potential 
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 and this potential satisfies the   Laplace equation. 

Therefore for potential currents the member in the equation (1.1), depending on viscosity, identically disappears. At that the system (2.25) has the smooth unique solution in 
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[9, see pp.147-151]:
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              (2.28)

and is harmonious functions. The specified method of theorem 2* can be used in particular and for the decision of a problem (2.25) - (2.27) as a test example. Really, on a basis APS from system (2.25), follows
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So as 
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from (2.25) we will receive
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From system (2.31) on the basis of (2.26), follows
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Hence from (2.29) and (2.30) we have
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i.e. (2.33) there is an equation of type Bernoulli that is similar with (2.23)*.
From the received results follows that the system (2.32) satisfies to a condition (2.27), and it means that the found solutions 
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 satisfies to the of Laplace equation, i.e. are harmonious functions. As it has been proved.


II. It is known that limit transition to very small viscosity should be executed not in the equations of Navier-Stokes, but in the solutions of these equations by approach of factor of viscosity to zero [12]. Then the solution of system (1.1) is representing in the form of (2.19) with conditions of theorem 2*.

To estimate affinity of solutions (2.19), (2.32) in sense
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, when [9]: 
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Lemma 1. If conditions of the theorem 2* and (2.34) are satisfied, an admissible error between solutions of system (2.19), (2.32) in 
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Proof. To prove to affinity of decisions (2.19) and (2.32) in
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here (see.(2.32)):  
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Similarly, we will receive also estimations concerning expressions where partial derivative functions 
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Then taking into account (2.35) and 
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And it means that if 
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. The lemma 1 – is proved. ■
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Similarly, we will receive estimating 
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Then taking into account (2.37), (2.38) and estimating 
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Proposition 2. In conditions of the theorem 2 and (2.34), (2.39) an admissible error between solutions of system (2.10), (2.32) in 
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3. Fluid Average Viscosity with a Condition (A2)

Let's consider a fluid with viscosity with Reynolds small number where all inertial participants contain in equations Navier-Stokes. Theoretically, it is not investigated till now [12]. Hence, here we will consider, methods of integration of the equations Navier-Stokes, therefore the decision of the method, from where follows of equations integration of Navier-Stokes in a case (А2), is a major factor of this point. The developed method of the decision of system (1.1) is connected with 
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where the current is considered with average size of viscosity.
Theorem 3. Systems (1.4), (1.5) it is equivalent will be transformed to a kind 
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      (3.2)

when conditions (1.2), (1.3)*, (3.1), (А2) are satisfied. Hence, the nonstationary problem of        Navier-Stokes (1.1)-(1.3)* has the smooth unique solution. 
Proof. Really, from system (1.4), considering conditions (1.2), (1.3)*, (3.1) and having entered APS, i.e. differentiating the equations of system (1.4) accordingly on хi and, then summing up, we have the equation

[image: image183.wmf]  

 

3

iiii

3

00

00123123

R

i0112233

0x123iiixx0x

2223

R

123

JF,

11

JF(s,s,s,t)dsdsds,

4r

1F(x,x,x;t)11

Jddd,(sx;PQJ;i1,3).

42

()

D

p

tttt

tttt

pr

ttt

ì

ï

=-

ï

ï

ï

=

í

ï

ï

+++

ï

=-=+º=

ï

++

î

ò

ò

(3.3)

If 
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The solution of a problem (1.1) - (1.3)* is represented in a kind
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therefore concerning functions
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where for example, partial derivatives of functions 
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The system (3.6) consists of three the nonlinear integral equations of Volterra and Volterra-Abel [13] on a variable 
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and if the operators
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and


[image: image198.wmf][] []

[][][]

 { }.

111

00000

i123i1i123i

CC

0000000

i123i123i123ii111

CC

0000

iriririiii1123

D,,r(1d):D,,

D,,D,,D,,d3rr(1d)r,

D:S()S(),(i1,3),S():r,(x,x,x,t)T

qqqqqqqq

qqqqqqqqqq

qqqqqq

ì

-£--£

ï

ï

£-+-£+-£

í

ï

®==-£"Î

ï

î

             (3.10)
Then, by Banach Principle, the system (3.6) is solvable at 
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where 
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Thus elements of the constructed sequences belong 
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Then according to results of the theorem 3, functions 
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here 
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Then considering norm of space 
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Thus (3.5)* satisfies the equation (3.4):  
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Really, having calculated partial derivative of system (3.5)*:
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and substituting (3.15) in (3.4)*, we have 
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That it was required to show.

From the received results, on the basis of (3.3) follows 
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Then according to results of the theorem 3, functions 
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 are defined from system (3.5)* and satisfies the equation (1.2). For a problem Navier-Stokes (1.1)-(1.3)*, (A2), are proved: existence of the smooth unique solution in area
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4. Fluid with Very Small Viscosity with a Condition (A3)

In the theory of the differential equations in partial derivatives there are various mathematical transformations which simplify investigated problems and does possible to find the solution in certain spaces [6, 12, 13 and 15]. Here in a case 
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 (Reynolds number [12]: Re ≥ 2300) we will show that at certain mathematical transformations of the equation Navier-Stokes is led to a linear kind. At that the new system has an analytical solution, which is based on the Picard's method.

So, inverse Fourier transform plays great part while deciding boundary problem for the solution of some integral equations, integration; Laplace transformation – while solution of simple differential equation of multiple of N with the constant rate and their systems, some differential equation in the partial derivative, Volterra equation of the second and first type with the difference kernel, and integral equation with the  logarithmic kernel and etc. But at the decision of equations Navier-Stokes in the general form these transformations yet have not brought desirable results, if we do not consider special cases.

Therefore for the last decades in the mathematics the methods, connected with using of integral 
of the transform, became widely spread. Different formulas of integral transform arise while a
concrete problem solving, but in the sequel they can be applied to the solution of other problems when researching the differential and integral equation, integration.

From the received results follows that system Navier-Stokes (1.1) in the conditions of (1.2), (1.3) and (A3) can have the analytical smooth unique solution. At least, such solution answers a mathematical question, and possibility to construct the solution on a problem Navier-Stokes (1.1) - (1.3) for an incompressible liquid with viscosity.
4.1. Fluid with Viscosity 
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Hence, the system (1.1) is transformed to the system of inhomogeneous linear equations
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Really, considering APS from system (4.3) we will receive:
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Therefore
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                     (4.5)

i.e. is the system (4.3) is transformed to the linear equations of heat conductivity with a condition of Cauchy in a kind (4.5), and in a class of functions with smooth enough initial data is correctly put  [13, 14]. Accordingly there is an the conditional-smooth unique solution of a problem Navier-Stokes in 
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 Really from system (4.13), follows: 
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where H0 – known function and the found solution (4.6) satisfies system (4.5). 

For this purpose, considering partial derivative systems (4.6):   
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and substituting (4.7) in (4.5), we have
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i.e. the system (4.6) satisfies a problem (4.5). That it was required to prove.    

The limiting case in
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 (4.8)  

Really, estimating (4.6) in 
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The uniqueness of the solution the system (4.6) in 
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 is obvious on the basis of proof by contradiction [13]. Results (4.6) with a condition (4.2), (4.8) are received where smoothness of  functions is required only on xi  as the derivative of 1st order is in time has t>0. 
Therefore, on a basis transformation (4.2) we will receive decisions of system (1.1), which satisfies a condition (1.2), i.e.  
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In the conclusion estimating (4.9) it is had  
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Theorem 4. In the conditions of (1.2), (4.1), (4.8) and (4.10) the problem (1.1), (1.2), (4.1) has a unique solution in 
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Then with that end in view we will assume that there are functions 
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Hence we will use transformation of a kind  
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that, the system (1.1) will be transformed to a kind  
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Further, from system (4.3)*, considering condition (4.2)*, and having entered [8] APS we have the equation (4.4). Therefore the system (4.13) will be transformed to (4.5). Hence from system (4.5), we have the of equation (4.6). In the conclusion, with the account (4.2)*, follows
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and summarising, takes place an estimation of a kind (4.10), where 
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– known functions.  From here we will receive similar results in the conditions of the theorem 4 in 
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4.2. Fluid with Small Viscosity, when 
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I. The overall objective of this point: to change a method (4.2) so that the received analytical solution of the Navier-Stokes problem with viscosity, belonged in 
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If takes place 


[image: image268.wmf]    div supconst  

j

it0i0123i0123

3

33k

j0x00i0

T

j1

(x,x,x)(x,x,x),i1,3,

0;0;C(R);f0;DfN,(i1,3;k0,4),

uulJ

lJDJJ

=

=

ì

=º=

ï

í

==Î¹£===

ï

î

å

  (4.11)

that we will use transformation of a kind  
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            (4.12)

where 
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 the known constants. Hence, the system (1.1) will be transformed to a kind
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From system (4.13), considering conditions (4.11), (4.12), and having entered [8] APS we have the equation (4.4). Hence the system (4.13) will be transformed to a kind  
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Then the decision of a problem (4.14) is presented in a kind
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here 
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Really, having calculated partial derivative of system (4.15):    
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and substituting (4.16) in (4.14), we
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That it was required to prove.  

From the received results follows that functions (i are defined on the basis of (4.12), i.e.
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Further, considering partial derivatives of 1st order systems (4.17) and summing up with acceptance in attention (1.2), (4.12) we have, that the system (4.17) satisfies to a condition (1.2)
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   II. So as 
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Really, if
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           (4.18)
that on a basis (4.15) we will receive: 
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In the conclusion estimating (4.17) it is had 
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Lemma 2. In the conditions of (1.2), (4.11), (4.12) and (4.18) the equation (4.15) has a unique solution in 
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   Theorem 4*. At performance of conditions of the lemma 2 the problem (1.1), (1.2), (4.11) 
is solvable at 
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Remark 3. Results 4.2 taking into account transformation (4.12) can be used concerning equations Navier-Stokes (1.1):   
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in the limited area 
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Really, applying transformation (4.12), i.e.:  
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we will receive the equation (4.13), i.e.:
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Hence (4.14):
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The equation (7) is the equation of Poisson and for descriptive reasons decisions we put a boundary problem in a kind: 
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Then equation (7) we obtain explicit representations for the unknown pressure 
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          (9)

Thus, considering (6), (9) we will receive [13]:
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Full research of a problem (10), (11) is well shown in work [13, pp.349-351]. And it means that the generalized solution will be the decision in usual sense, at sufficient smoothness 
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[13, pp.311-318, XXII]. Therefore similar conclusions we can make concerning a problem (1)-(4). That it was required to prove.

Remark 4. In point 2.2 Beale-Kato-Majda inequality is resulted. Therefore, here we will specify communication criterion of a regularity of Beale-Kato-Majda with results of the theorem 4*. On the basis of results of the theorem 4* the solution of system (1.1) it is presented in a kind (4.17), where global existence of solution is received in a class 
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Really, at performance of conditions of theorem 4* and  
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takes place
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In a consequence and (see (2.24)):
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Well then, we obtain an estimation of type Beale-Kato-Majda [5]. 

4.3. Modified Variant of a Method (4.12) with the Conditions 
[image: image310.wmf]divrot 

f0,f0

==

 
   Let’s consider updating of the basic method 4.1. Here we will see that components of speed grow than in rules (4.2) or (4.12), when 
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functions 
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where 
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                 (4.23)

for incompressible currents with a friction the equations of Navier-Stokes (1.1) become simpler as take place (4.21)-(4.23). Therefore the problem (1.1) - (1.3), is led to a kind
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The system (1.1) is equivalent transformed to a kind (4.24). Then a new system of equations is called of inhomogeneous linear system a transfer of vortices [12]. Here the inertial terms in the equations (1.1) are linearized using regulatory functions 
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From system (4.24), considering conditions (4.21)-(4.23) and having entered APS we have the equation:  
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so as takes place
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There are various methods [12] which give communication of speed and pressure. For example, if the law of the pressure distribution obtained from the Bernoulli equation. Here is received the new law of distribution of pressure in the form of (4.25), for the first time similar results are received in work [8]. Then on a basis (4.25) system (4.24) it is equivalent, will be transformed to a kind: 
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where
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The problem (4.26) is led to system of the integrated equations quite regular rather
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   The received system (4.27) consists of four integral equations, i.e. Volterra and Volterra-Abel on a variable 
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 and thus contains in itself of four unknown functions. Therefore there is no necessity to think out various algorithms for the decision of this system and it is enough to show conditions which provide contraction mapping principle and for the decision of this system to use a of Picard’s method.

   Therefore, if takes place: 
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and if operators: 
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and:
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Then on the basis of a contraction mapping principle system (4.27) is solvable and solution of this system we can find on the basis of Picard’s method 

[image: image339.wmf]  []

[]   

123n10n1,n2,n3,n

i,n1in1,n2,n3,n0i,0

(x,x,x,t)T:ZZ,W,W,W,

WZ,W,W,W,(n0,1,...;Z0;W0;i1,3).

Y

Y

+

+

"Î=

ì

ï

í

=====

ï

î

                      (4.31)

Received the sequence of functions 
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Hence on the basis of (4.22) 
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And it means that sequence 
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   Theorem 5*. Under conditions (1.2), (1.3), (4.21), (4.22), (4.28)-(4.30) and (4.34) the Navier-Stokes problem is solvable at 
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4.4. Updating of a Method (4.2), When 
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Then functions 
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   Further, supposing (4.36), (4.37) and  


[image: image358.wmf]  []  

jjjij

3333

jixjixixjxijx

j1j1j1j1

itititiiiii

1

VVU,(VV0),

2

V,VV,(i1,3;0),

uulWlWll

ulWmDumlDDWmlDDW

====

ì

º++=

ï

ï

í

ï

º+º+===

ï

î

åååå

                         (4.38)
for incompressible currents with a friction the equations of Navier-Stokes (1.1) become simpler as take place (4.36)-(4.38). Therefore the problem (1.1)-(1.3), is led to a kind
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From system (4.39), considering conditions (4.36)-(4.38) and having entered APS we have the equation:  
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              (4.40)

so as takes place
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Then on a basis (4.40) system (4.39) it is equivalent, will be transformed to a kind:
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             (4.41)

or from (4.41), follows: 
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where
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Here (4.42) – system of the nonlinear integrated equations of Volterra-Abel of the second sort concerning 
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and
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Then on the basis of (4.31) - (4.34) there is a unique solution of system (4.42), and this solution is found on the basis of a Picard’s method. It means that sequence 
[image: image370.wmf]{}

i,m0

u

¥

 is converged to 
[image: image371.wmf]i

,

u

 that is,

[image: image372.wmf]h1

i,n1i123

n

,(x,x,x,t)T,(i1,3).

uu

<

+

®¥

¾¾¾®"Î=

                                                (4.45)

From the received results follows that the Navier-Stokes problem (1.1)-(1.3) in a case (4.36) and (4.45), with smooth enough initial data has the conditional-smooth unique solution in 
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 Therefore results are formulated by the following theorem.
  Theorem 5. Under conditions (1.2), (1.3), (4.36), (4.37) and (4.45) the Navier-Stokes problem has a conditional-smooth unique solution in 
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    Remark 6.  Updating of a Method (4.2), when 
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that on a basis (4.39)-(4.41): 
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we will receive (4.42):
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                                                         (4.42)*
Hence, as takes place (4.47), that the solution of system (4.42)* we can find on the basis of Picard’s method. Then on a basis (4.31)-(4.34) we have (4.45).

Further, we will receive similar results in the conditions of the theorem 5, i.e. under conditions (1.2), (1.3), (4.45), (4.46) problem Navier-Stokes has the unique solution in 
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5. Fluid with Viscosity, When 
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In the Navier-Stokes problems with great values of viscosity components the speed can be so small that in many researches do not consider the forces of inertia. 

Let's consider a fluid with viscosity with Reynolds small number where all inertial participants contain in equations Navier-Stokes. As has been said, theoretically, it is not investigated [12]. Hence, here we will consider, methods of integration of the equations Navier-Stokes. However, it is necessary to notice that technical applications of the theory of a liquid with very great values of viscosity, short of the theory of greasing [12], it is rather limited. But theoretically researches in this direction from the scientific point of view are very important. Therefore in this paragraph methods are developed for the decision of these problems in space 
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on the basis of lemma K. Friedrichs [15].  

The basic methods (4.2) and (4.12) of paragraph 4 are for this purpose modified on the basis of regulating functions 
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    5.1. Fluid with Average Viscosity by Conditions (A3), 
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we enter for definition a component of speeds: 
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at that
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Then on the basis (5.2), (5.3) we will receive
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Hence on a basis (5.4) and having entered APS, we have
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so as 
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Then system (5.4) it is equivalent will be transformed to a kind
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For consideration of unknown function 
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Hence, differentiating (5.7) on 
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from (5.7) we will receive 
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If takes place: 
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and
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Then the solution (5.9) exists and is unique, and we can find this solution on the basis of a Picard’s method 
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                      (5.12)

Therefore using known mathematical conclusions concerning of Picard’s method we can tell the following. On the basis of conclusions of a method of Picard’s the sequence of functions 
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   (5.13)

Hence on the basis of (5.2) we will receive
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i.e. it means that sequence 
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Theorem 6. Under conditions (1.2), (1.3), (A3), (5.1), (5.15) the Navier-Stokes problem has a continuous unique solution in 
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II. The algorithm (5.2) also is applicable in a case, if


[image: image416.wmf] div   div 

div rot         

 

ji

3

iiitit

i

i1

33

2

iijjixx

j1j1

it0i0123i0123

fK,f0:0;K0,

x

1

f0;f0:f0,(K0;i1,3);UK;KKU,

2

(x,x,x)(x,x,x),(i1,3).

jj

DD

uulJ

=

==

=

ì

¶

º+¹¹=

ï

¶

ï

ï

ï

=======

í

ï

ï

=º=

ï

ï

î

å

åå

          (5.16)

That on a basis (5.16), (5.2) we will receive (5.4). Hence, we have
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and 
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Here (5.17) differs from (5.5), as 
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Therefore, as takes place (5.10), (5.11), (5.13) in a consequence (5.14), (5.15), i.e.  
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Further, we will receive similar results in the conditions of the theorem 6.
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is a major factor of this point. 

   Therefore we enter for definition a component of speeds:   
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at that
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Hence on the basis of (5.21)-(5.23) we will receive
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Then for incompressible currents with a friction the equations of Navier-Stokes (1.1) become simpler as take place (5.21), (5.23). Therefore a problem (1.1)-(1.3) with account [(5.5)-(5.9) here instead of 
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  If the known functions entering into system (5.25) satisfy conditions
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That the solution of this system we can find on the basis of Picard’s method
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Then considering results (5.13)-(5.15) we will receive, i.e. that sequence 
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Theorem 6*. If the conditions (1.2), (1.3), (5.21)-(5.23) and (5.30) are fulfilled, then the  Navier-Stokes problem is solvable at 
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Let's note, as the equations of system (
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, when the condition (5.28) is not satisfied. For simplicity, let's assume    
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And in this case all results of the theorem 6* are carried out, i.e. that is we will prove that under condition of (3)* system (5.25) correct in 
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Really, as in case of (3)*, the interval 
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Thus, operators 
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and display ranges of definition in it self, i.e. conditions of contraction mapping principle [13] are  satisfied. Then is under condition of (5)* system (4)* correct in 
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and hence, operators 
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Therefore the system (5.25) correct in
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. The offered method the decision of system (5.25) in the theory of the Volterra’s equations is called [13] «a method pasting» or «a method of subareas».   

 5.3. Fluid with Viscosity, When 
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 it is studied in 5.1. Here we will consider a the general methods of the equations integration of Navier-Stokes with conditions, i.e. with average and with Reynolds small number ([12]: 
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The overall objective of this paragraph: to change a method (5.2) so that the received analytical decision the Navier-Stokes problem with viscosity, belonged in 
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In particular in many scientific literatures, investigates a problem [12]: 
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where 
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Hence, here we will consider a methods of the equations integration of Navier-Stokes (5.31) with a conditions (5.32) - (5.34). 

With that end in view we will assume that there are functions
[image: image478.wmf]i

0f,(i1,3)

d

£=

, which satisfy conditions 


[image: image479.wmf]  sup   

div  rot  

 

    

3,0k

iii

T

i123

t

i123i1230iiti

0

C(T)f:Df()()1,(01;i1,3),

f0;f0:

f0,(f(f,f,f)),

I(x,x,x,t)f(x,x,x,s)ds,(0;I0;If;i1,3).

dd

dd

ddddd

ddddd

adadd

D

DJD

ì

'££<<<=

ï

ï

==

ï

í

==

ï

ï

¢¢

º==º=

ï

î

ò

               (5.35)
Hence is offered the method:  
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        (5.36)                    
Thus takes place conditions
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Then for incompressible currents with a friction the equations of Navier-Stokes (5.31) become simpler as take place (5.32)-(5.34). Therefore the problem (5.31) - (5.33), is led to a kind
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From system (5.38), considering conditions (5.31)-(5.33) and having entered APS, we will receive the equation:   
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so as takes place 
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Then on a basis (5.39) of system (5.38) it is equivalent, will be transformed to a kind:
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            (5.40)
The problem (5.40) is led to system of the integrated equations in a kind

[image: image486.wmf]exp[]

exp[]

[]

3

3

t

2

1123123

3

0

R

t

222

12311231231

3

3

0

R

12233123

0123

1r

ZM()(QZ,W,W,W)(s,s,s,s)

4(ts)

8

11

dsdsdsdsM(())(QZ,W,W,W)(x

((ts))

2(ts),x2(ts),x2(ts);s)dddds

(Z,W,W,W

d

d

m

p

ttt

m

p

tmtmtmttt

G

=+-´

-

´=+-+++

-

+-+-+-º

º

òò

òò

exp

[]exp

[]

i

3

i

3

123

t

2

ii

i1x

3

3

0

R

t

222

1231231231x123

3

0

R

i

1231122

)(x,x,x,t),

1r(xs)1

WM(())

4(ts)2(ts)

((ts))

8

1

(QZ,W,W,W)(s,s,s,s)dsdsdsdsM(())

(QZ,W,W,W)(x2(ts),x2(ts

(ts)

d

d

mm

m

p

ttt

p

t

tmtm

m

--

=+-´

--

-

´=+-++´

´+-+-

-

òò

òò

[]

exp

;

i

3

33

123i123123

xi123123

t

222

112312301122

3

0

R

3312

),x2

(ts);s)dddds(Z,W,W,W)(x,x,x,t),

ZW(x,x,x,t),(x,x,x,t)T,(i1,3),

1

M(x,x,x,t)(())(x2(ts),x2

(ts),x2(ts)s)dd

dd

t

mtttG

tttFtmt

p

mtmtt

+´

´-º

="Î=

º-+++-+´

´-+-

òò

3iii

dds,(sx2(ts);i1,3).

ttm

ì

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

í

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

-=-=

ï

ï

î

    (5.41)
To solve a problem (5.40) concerning this problem we will receive system (5.41) of four integral equations. 
   Let concerning known functions 
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and if operators: 
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and:
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Hence on the basis of contraction mapping principle system (5.41) is solvable and for which makes Picard’s method 
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The resulting sequence of functions 
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Then on the basis of (5.36) and
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we will receive 
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And it means that sequence 
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It is obvious that small changes 
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that, obviously, the Navier-Stokes problem (5.31) - (5.33) is solvable at 
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6. Updating of a Method (4.12) on the Basis of Integrals of Poisson’s Type
   In the previous paragraphs we researched various variants of a method (4.12) for the Navier-Stokes problem in spaces 
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where 
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Then for incompressible currents with a friction the equations of Navier-Stokes (1.1) become simpler as take place (6.1)-(6.3). Therefore the system (1.1), is led to a kind
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From system (6.4), considering conditions (6.1)-(6.3) and having entered APS we have the equation: 
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 (6.5)

so as takes place
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Then on a basis (6.5) system (6.4) it is equivalent, will be transformed to a kind:
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The problem (6.6) is led to system of the integrated equations quite regular rather 
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Let's notice that if known functions 
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 satisfy conditions of submultiplications [15] and takes place:   
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at that if operators: 
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and 
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Then on the basis of contraction mapping principle system (6.7) is solvable and solution of this system we can find on the basis of Picard’s method 
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Hence on the basis of (6.2) and
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we will receive
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And it means that sequence 
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i.e. under conditions (1.2), (6.1), (6.2), (6.8) - (6.10) and (6.14) problem Navier-Stokes has the smooth unique solution in 
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6.2. Fluid with Viscosity 
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In this paragraph we will consider a liquid with viscosity and with a Reynolds small number of where all inertial participants contain in the equations Navier-Stokes. Thus we will consider, methods of integrated transformations on the basis of integrals of Poisson’s type, when 
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The decision method, from where follows of equations integration of Navier-Stokes in a case 
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is a major factor of this point. 

   Therefore we enter for definition a component of speeds:   
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at that
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Hence on the basis of (6.15)-(6.17) we will receive
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            (6.18)

Then for incompressible currents with a friction the equations of Navier-Stokes (1.1) become simpler as take place (6.15), (6.17). Therefore a system (1.1) with account [(6.5) - (6.7), here instead of 
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where
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   If takes place: 
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and
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The solution of this system we can find on the basis of Picard’s method (6.11). Then considering   results (6.12)-(6.14), hence we will receive, that sequence 
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So as consequence of paragraphs 6.1 and 6.2 we will receive following statements:

Theorem 7. The Navier-Stoke’s nonstationary problem (1.1)-(1.3) is solvable at 
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1) (6.1), (6.2), (6.8) - (6.10), (6.14) and 
[image: image565.wmf]div

01,f0,

m

<<=

 or
2) (6.15)-(6.17), (6.20), (6.21), (6.22) and 
[image: image566.wmf]div

0

1,f0.

mm

<=<¥=


7. Fluid with Viscosity, When 
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   Here we will show that at certain mathematical transformations of the equation Navier-Stokes led to a linear kind, when 
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   7.1. Fluid with Very Small Viscosity 
[image: image575.wmf]01

m

<<

, When 
[image: image576.wmf]div

f0

¹

 
Let components of a vector of speed 
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Hence, the system (1.1)n will be transformed to a kind   
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Here substitution (7.2) it is equivalent will transform system (1.1)n in the inhomogeneous linear equations of a kind (7.3).


For this purpose, at first we will define pressure 
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Therefore
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i.e. is the system (7.3) is transformed in the linear equations of heat conductivity with a condition of Cauchy in a kind (7.5), and in a class of functions with smooth enough initial data is correctly put   [13, 14]. Accordingly there is an the conditional smooth and unique solution of a problem Navier-Stokes in 
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Really, estimating (7.6) in 
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Uniqueness is obvious, as a method by contradiction from (7.6) in 
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In the conclusion estimating (7.9) it is had 
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Theorem 8. In the conditions of (1.2)n, (7.1), (7.7) and (7.10) the problem (1.1)n, (1.2)n, (7.1) has a unique solution in 
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Remark 8. It is known that the turbulence solutions are conditional smooth in analytical sense [4]. Therefore, we consider a class of suitable solutions of the Navier-Stokes problem in weight space of Sobolev's type 
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if takes place
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For this purpose it is enough to show function accessories 
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Let the solution of system (7.5) to represent in the form of (7.6) with conditions (7.7), (7.13). Then estimating (7.6) in 
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                    (7.12)
Then on a basis (7.2), (7.12) it is had 
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i.e. in the conditions of (1.2)n, (1.3)n, (7.1), (7.7) and (7.11) the problem (1.1)n - (1.3)n has a the limited solution in 
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    7.2. Fluid with Viscosity 
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I. The overall objective of this point: to change a method (7.2) so that the received analytical solution of a problem Navier-Stokes with viscosity, belonged in 
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If takes place 
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that we will use transformation of a kind  
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where 
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– the known constants. Hence, the system (1.1)n will be transformed to a kind
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   From system (7.15), considering conditions (7.13), (7.14), and having entered APS we have the equation (7.4). Therefore the system (7.15) will be transformed to a kind  
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Then the solution of problem (7.16) is presented in a kind
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here H – known function. The found solution (7.17) satisfies system (7.16). Really, having calculated partial derivative of system (7.17):    
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and substituting (7.18) in (7.16), we have 
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That it was required to prove.  

From the received results follows that functions 
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Further, considering partial derivatives of 1st order systems (7.19) and summing up with acceptance in attention (1.2)n, (7.14) we have, that the system (7.19) satisfies to a condition (1.2)n.

   II. So as 
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Really, if
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that on a basis (7.17) we will receive
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In the conclusion estimating (7.19) it is had 
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Lemma 3. In the conditions of (1.2)n, (7.13), (7.14) and (7.20) the equation (7.17) has a unique solution in 
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   Theorem 8*. At performance of conditions of the lemma 3 the problem (1.1)n, (1.2)n, (7.13) is solvable at 
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The essential factor of researches of this paragraph are results of the theorem 8*. In this case the solution of system (1.1)n is considered as the strict solution of a problem (1.1)n-(1.3)n in 
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It is obvious that small changes 
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 influence the solution (7.17) a little, i.e. continuous depends on this data. Therefore, a question on a statement correctness problems (1.1)n-(1.3)n are considered at once with results of the theorem 8*.   
7.3. Fluid with Viscosity, when 
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In this paragraph we generalise results of 5.3, so as this cases has applied value in the theory of a liquid of average and small currents [12], when:  
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Under a condition (7.21) the problem (1.1)n – (1.3)n is led to a kind
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where 
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 the known constants. Hence, here we will consider a methods of the equations integration of Navier-Stokes (7.22) with a conditions (7.23), (7.24). 

With that end in view we will assume that there are functions: 
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Hence is offered the method:  
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Thus takes place conditions
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  (7.27)                      
Then for incompressible currents with a friction the equations of Navier-Stokes (7.22) become simpler as take place (7.23), (7.24). Therefore the problem (7.22)-(7.24), is led to a kind


[image: image648.wmf]jjjji

nnn

itj0ixji0xxjixixi

j1j1j1

1

Z(Z)II(Z)IIfPZ,(i1,n).

ddddd

llJlJmlD

r

===

+++++=--+=

ååå

   (7.28)

From system (7.28), considering conditions (7.22)-(7.24) and having entered [8]:  APS, we will receive the equation:  
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so as takes place  
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Then on a basis (7.29) the system (7.28) it is equivalent, will be transformed to a kind:
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The problem (7.30) is led to system of the integrated equations in a kind 
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where
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To solve this system, it is enough to find conditions that allow us to use the Banach Principle.
Really, if the input functions 
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at that if the operators 
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and
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Then, by Banach Principle, the system (7.31) is solvable and the solution of this system can be found by Picard’s method as
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Then on the basis of conclusions of a method of Picard’s the sequence of functions 
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Thus we will receive
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     (7.36)

Therefore on the basis of (7.26) and
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we will receive 
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And it means that sequence 
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Theorem 9. In the conditions of (7.23), (7.24), (7.25), (7.33), (7.34) and (7.38) the Navier-Stokes problem is correctly put in 
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    Proof. The system (7.31) consists of 
[image: image671.wmf]n1

+

 the integral equations of Volterra and Volterra-Abel on a variable 
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    It is obvious that small changes 
[image: image675.wmf]i0i0

,(i1,n)

ulJ

º=

 or 
[image: image676.wmf]i

f,(i1,n)

d

=

 influence the solution (7.26) a little, i.e. continuous depends on this data. Therefore, a question on a statement correctness problems (7.22)-(7.24) are considered at once with results of the theorem 9 in 
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8. Conclusion
The essence of the given work consists that the developed methods of an initial problem lead to Navier-Stokes equations linearization into integral form without attraction of any conditions for solving the task (1.1)-(1.3). That’s why the received analytical solution is regular to viscosity factor, and   mathematic meanings of variables respond to physical significance according to requirements of Clay Mathematics  Institute. So, The developed out in this article methods of solution Navier Stokes equations bring the task to equivalent linear equations with heat conductivity type under Cauchy condition in class of functions with smooth enough initial conditions under 
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 We should remind that Clay Institute suggested solving one from three variants of Navier Stokes equation. But in this work summarising the result received in article [8] for any viscosity meanings in unlimited area in both spaces, as exactly this variant according to Clay Institute is more preferable in comparison with other variants received in [8]. In paragraph 4 the received results are illustrated by an example in the limited area.   

 The solution of 6th millennium problem allowed to consider it that results of this work in 
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as principle of continuation of strong solutions connected with Beale-Kato-Majda [2, 5] criterion  requirements but already for 3D Navier-Stokes equation for viscous incompressible fluid [1]. When analytical solution of Navier-Stokes equation is found so Beale-Kato-Majda’s criterion for Euler’s equation is automatically proved because viscosity meaning 
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 From the received results follows the Navier-Stokes equations (1.1) in the conditions of (1.2), (1.3) have the smooth and unique solution in 
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